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Section 7.2: Applications of exponential functions

Compound interest, continuous compounding, growth, and decay

Section 7.3: Logarithms and logarithmic functions

Logarithm properties and solving exponential/logarithmic equations

Suggested textbook problems and additional practice
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Applications of Exponential Functions



7.2 Applications of Exponential Functions

Exponential functions model processes in which equal changes in the independent variable
produce constant percentage changes in the dependent variable.

Growth: population, investment value, and other quantities that increase by a constant
percentage.

Decay: depreciation, drug excretion, and other quantities that decrease by a constant
percentage.

The model and its parameters depend on the context and the units used.
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Example

The equation
S = P(1 + i)n

determines the amount S to which an investment of P dollars grows when it receives interest
at rate i per compounding period for n compounding periods, assuming reinvestment of
accrued interest.

Question

Assume that P = $1,000 and i = 0.08 per year. Determine the amount after 25 years if
interest is compounded annually.

S = 1000(1.08)25

≈ 1000(6.8485) = $6,848.50.
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Example

When interest is compounded m times per year, the compound amount is

S = P

(
1 +

i

m

)mt

.

For continuous compounding, the model becomes

S = Pe it .

Question

If $1,000 earns 8% per year compounded continuously, find its value after 25 years.

S = 1000e0.08(25) = 1000e2

≈ 1000(7.3891) = $7,389.10.
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Example

A country’s population was 100 million in 1970. It has been growing exponentially at a
constant rate of 4% per year. Estimate the population in 1995, assuming the same growth
rate continues.

P(t) = P0e
kt = 100e0.04t

t = 25 for the year 1995

P(25) = 100e0.04(25) = 100e

≈ 271.83 million.

For V (t) = V0e
kt , V0 is the initial value and k > 0 is the continuous growth rate.
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Practice: Constant Percentage Growth

For the model f (t) = V0e
kt , explain why equal increases in t lead to equal percentage

increases in f (t).

f (t + 1)

f (t)
=

V0e
k(t+1)

V0ekt

= ek .

The ratio is constant, independent of t. Thus, each one-unit increase multiplies the current
value by the same factor ek , giving a constant percentage increase.
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Example

An exponential decay process is characterized by a constant percentage decrease in value over
time and may be modeled by

V (t) = V0e
−kt .

The resale value of a type of industrial equipment is

V (t) = 100,000e−0.1t ,

where t is the number of years since purchase.

1 What was the original value?
2 What is the expected resale value after 5 years and after 10 years?

V (0) = 100,000e0 = $100,000

V (5) = 100,000e−0.5 ≈ $60,650

V (10) = 100,000e−1 ≈ $36,790.
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Example

A major financial institution offers a credit card. The percentage of accounts receivable
collected t months after credit is granted is approximated by

P(t) = 0.95(1− e−0.7t), t ≥ 0.

At t = 0, P(0) = 0: no accounts have yet been collected.

After 1 month,
P(1) = 0.95(1− e−0.7) ≈ 0.4782,

so approximately 47.82% has been collected.

After 2 months,
P(2) = 0.95(1− e−1.4) ≈ 0.7156,

so approximately 71.56% has been collected.

As t → ∞, P(t) → 0.95; the model approaches 95%.
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A Follow-up Problem: Prescription Drug Excretion

For a particular prescription drug, half of the amount in the bloodstream is excreted by the
kidneys every 4 hours. The initial dosage is 300 milligrams.

1 Determine A = f (t), where A is the amount remaining (in milligrams) and t is time
measured in 4-hour increments.

2 Find the amount after 8 hours, 10 hours, and 24 hours.
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Solution: Prescription Drug Excretion

Each 4-hour period leaves one-half of the amount from the previous period. Therefore,

A(t) = 300

(
1

2

)t

where t counts 4-hour periods.

8 hours: t = 2, A(2) = 300(0.5)2 = 75 mg

10 hours: t = 2.5, A(2.5) = 300(0.5)2.5 ≈ 53.03 mg

24 hours: t = 6, A(6) = 300(0.5)6 ≈ 4.69 mg.

The graph is an exponential decay curve, beginning at A(0) = 300 and approaching zero.
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Logarithms and Logarithmic Functions



7.3 Logarithms and Logarithmic Functions

A logarithm is the power to which a base must be raised to obtain a given number.

y = bx ⇐⇒ x = logb y

where b > 0, b ̸= 1, and y > 0.

Example

Since 23 = 8, we have log2 8 = 3.

The common logarithm has base 10: log x = log10 x . The natural logarithm has base e:
ln x = loge x .
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Example

Write each statement in its equivalent form.

Logarithmic form Exponential form

log2 16 = 4 24 = 16
log10 100 = 2 102 = 100
log3 27 = 3 33 = 27
log10 0.1 = −1 10−1 = 0.1

Conversely,
104 = 10,000 ⇐⇒ log10 10,000 = 4.

e3 = x ⇐⇒ ln x = 3.
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Properties of Logarithms

For u > 0, v > 0, and a valid base b > 0, b ̸= 1:

Product: logb(uv) = logb u + logb v

Quotient: logb

(u
v

)
= logb u − logb v

Power: logb(u
n) = n logb u

logb b = 1, logb 1 = 0

blogb x = x , logb(b
x) = x

A logarithm converts products to sums, quotients to differences, and powers to coefficients.
It does not distribute over addition: logb(u + v) ̸= logb u + logb v in general.
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Example

Solve the logarithmic equation
ln x2 + ln x = 9.

Since ln x is defined only for x > 0, the solution must be positive. Using the power property,

2 ln x + ln x = 9

3 ln x = 9

ln x = 3

x = e3 ≈ 20.086.

Thus, the solution is x ≈ 20.086 .
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Example

Solve the logarithmic equation
ln(x2 + 2)− ln x2 = 2.

Using the quotient property,

ln

(
x2 + 2

x2

)
= 2.

Convert to exponential form:

e2 =
x2 + 2

x2
.

Using e2 ≈ 7.3891,

7.3891x2 = x2 + 2

6.3891x2 = 2

x2 ≈ 0.3130

x ≈ ±0.5595.

Both values are valid because the logarithm arguments are positive for x ̸= 0.
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Example

The cost of a 30-second Super Bowl advertising spot (in thousands of dollars) is modeled by

C (t) = C0e
it ,

where t is the Super Bowl number. Two observed points are (16, 325) and (25, 800).

325 = C0e
16i , 800 = C0e

25i

ln 325 = lnC0 + 16i

ln 800 = lnC0 + 25i .

Subtracting gives

i =
ln 800− ln 325

9
≈ 0.1001.

Then
lnC0 = ln 800− 25(0.1001) ≈ 4.1821, C0 ≈ 65.5033.

C (t) ≈ 65.5033e0.1001t
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Example

A bacterial population grows according to

P(t) = P0e
kt ,

where P0 is the initial population and k is the growth constant. Determine the time required
for the population to double.

At doubling, P/P0 = 2, so

ekt = 2.

Taking natural logarithms,

kt = ln 2 =⇒ t =
ln 2

k
.

If k = 0.4 and time is measured in hours,

t =
0.6932

0.4
≈ 1.733 hours.
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Example

For exponential decay,
V (t) = V0e

−kt ,

the half-life is the time required for the amount to decrease to one-half of its initial value.

Set
V /V0 = 0.5:

e−kt = 0.5.

Taking natural logarithms gives

−kt = ln 0.5 =⇒ t =
ln 0.5

−k
.

For strontium-90, k = 0.0244 when t is measured in years:

t =
−0.6932

−0.0244
≈ 28.40 years.
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Example

An experiment studied how elapsed time affects memory. The average percentage recall is
modeled by

R(t) = 84− 25 ln t, t ≥ 1,

where t is time in hours since studying the picture.

1 Find the average percentage recall after 1 hour.

2 Find the average percentage recall after 10 hours.

R(1) = 84− 25 ln 1 = 84%

R(10) = 84− 25 ln 10

≈ 84− 25(2.3026) = 26.44%.

The model decreases as t increases over its stated domain.
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Suggested Textbook Problems

Section 7.2: 1–5, 8–12, 16–18, 22–25, 47

Section 7.3: 1–24, 25–40, 41–60, 61–80, 81–92
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Additional Practice: Business and Science Applications

1 Investment: A business invests $150,000 at 6.5% annual interest compounded
continuously. Build the model and determine the value after 8 years.

2 Depreciation: A machine worth $80,000 depreciates continuously at 12% per year. Write
its value function and estimate its value after 4 years.

3 Customer collections: The fraction of an invoice collected after t months is
P(t) = 0.98(1− e−0.45t). Find the percentage collected after 3 months and the limiting
percentage.

4 Bacterial growth: A culture follows N(t) = N0e
0.3t . Determine the doubling time, and

state how it changes if the growth constant becomes 0.6.
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Additional Practice: Solutions

1. Investment
S(t) = 150,000e0.065t , S(8) = 150,000e0.52 ≈ $252,304.

2. Depreciation
V (t) = 80,000e−0.12t , V (4) = 80,000e−0.48 ≈ $49,503.

3. Collections
P(3) = 0.98(1− e−1.35) ≈ 0.7259 = 72.59%.

The limiting percentage is 98%.
4. Doubling time

t =
ln 2

0.3
≈ 2.31 time units; t =

ln 2

0.6
≈ 1.16 time units.

Doubling time is halved when the growth constant doubles.
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